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A useful tool in obtaining bounds for solutions of differential equations is 
the Gronwall inequality, also known as Bellman’s Lemma, and its various 
generalizations. The content of these theorems is to compare solutions of 
certain inequalities with solutions of the corresponding equation. In this note 
we establish, using a lattice fixed point theorem, a similar result for a func- 
tional equation and show that it includes a particularly useful form of 
Bellman’s Lemma due to Viswanatham. Let [a, 61 denote an interval, possibly 
infinite but which we will assume closed at any finite endpoint, and let U(X) 
and p(x) denote functions whose range is in [a, b] whenever the domain is 
[a, 61. The functional equation which we consider is 
944 = Fh P(S)> 4x1 < s < B(x)] 
which, for convenience of notation, we write as 
(1) 
THEOREM. For x in [a, b] let F have the following properties: 
(i) F(x, q$.)) is measurable whenever p)(x) is measurable. 
(ii) F(x, ~4.)) G F(x, pd.)) whenever v+(x) < FAX). 
(iii) There exists a measurable function Q(x) such that F(x, Q(.)) < Q(x). 
(iv) There exists a measurable function C/J(X) < Q(x) such that 
F(x, JI(x)) 3 #(xl. 
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Then there exists a measurable function v(x) which is a solution of (1) almost 
everywhere and which satis$es 
PROOF. Let dp be the collection of equivalence classes of Lebesgue 
measurable functions L on [a, b] such that 1,6(x) <L(x) < C?(x) almost 
everywhere. The functions L, and L, will be identified if {x :L,(x) # L,(X)} 
has Lebesgue measure zero. Define T : 9 ---f 9 by 
V(x)) = F(.r, L(*)). 
We will show that 9 is a complete lattice under the relation L 3 L’ if 
L(x) < L’(x) a.e. and that T is an isotone mapping of 9 into itself. The proof 
then will essentially follow from a lattice fixed point theorem. 
For a Lebesgue subset A of [a, b] define 
~(4 = i, e-“’ min [ 1, & , &xn] dx. 
We see that p is a measure on the Lebesgue subsets of [a, b] which has the 
same sets of measure zero as does Lebesgue measure. In addition, 8 is 
contained in the collection of real valued Lebesgue measurable functions 
which are absolutely integrable with respect to p and 9 has a maximal and 
a minimal element (Q and t+G respectively). It follows from Theorem 22 on 
page 302 of [l] that 9 is a complete lattice in the sense of [2] (this could 
also be done using Lemma 2 of [3]). Note that completeness in the sense of [I] 
is conditional completeness in the sense of [2], but since 9 is bounded the two 
concepts are the same for 8. 
We see that if $(x) <L,(x) <L,(x) < Q(x), a.e. then 
T t)isJtEt (-4 == F(x, Ld.)) < F(x, L(.)) = (T&J (4 so T-h < TL, and 
ki (TL,) (4 < (TQ) (4 < Q, a.e. 
(cl (TL,) (4 2 (WI (4 3 A at. 
Thus T : 9 --f 9 and is isotone. By a fixed point theorem for complete 
lattices (Theorem 8 on p. 54 of [2]) we see that there is an element L of A? 
such that 
L(x) = F(x, L( .)) a.e. 
As an application we obtain the following which is due to Viswanatham [4], 
Theorem I. 
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COROLLARY I. If 
wheref(x, y) is bounded, measurable, and monotonic increasing ill y in the regiolz 
dejined by ! s --- x0 ~ < a; ~ 3’ 77 < b, where a and h aye positizfe reul 
numhevs; p(x) i.y hounded in the region 1 x -.- ,x0 < a, then there exists a 
continuous solution qf 
~(4 = 77 + j’ AX, 4s)) ds 
*o 
valid in the interval x0 < x < x0 - IY, a: = min [a, b/M] where M is the 
hound on 1 f(x, y) ( , such that q(x) < z(x). 
PROOF. Taking 
qx, ds), x0 < s < 4 = rl + i” As, Y(S)) 6%I 
all of the conditions for the application of the theorem are clear except (iii). 
Here, take Q =-= 17 + MCY, 
Theorem 1 yields a measurable function L(x) 
L(x) = 77 + /I’ f(s, L(s)) ds almost everywhere 
. 1’” 
Letting 
P(X) = 77 + jr f(s, W) ds, 
@II 
then y(x) is continuous, equal to L(x) almost everywhere, and 
p(x) = 71 + jz f(s, L(s)) ds = 7 + jz f(s, q(s)) ds, everywhere. 
TO *II 
As a second application, we consider 
&) = j:::;+’ k(t) v(t) dt (2) 
with the boundary condition lim,,, q(x) = 1 where lims-tm a(x) = - a. 
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COROLLARY 2. Suppose 
(1) k is a Lebesgue measurable function on [a, 00) such that 0 < k(x) < 1 
except for a set N of Lebesgue measure zero and limz~m,z4N k(x) exists. 
(2) y is a Lebesgue measurable function on [a, co) such that 0 <y(x) < 1 
except for a set N of Lebesgue measure zero and lims.m,rgNy(x) = 0. 
1 -y(t) < /;::;” k(t) (1 -y(t)) dt, ae. 
Then there exists a continuous solution p of (2) which satisfies 
1 - y(x) < y(x) < 1, a.e. 
PROOF. Taking 52 = 1, the theorem immediately provides a solution, 
almost everywhere satisfying the inequalities. Proceeding as in Corollary 1, 
we obtain a continuous solution. This result is implicit in [5]. 
It is to be noted that although Corallaries 1 and 2 could be obtained by 
successive iterations (beginning with the lower bound), simple examples 
show that Theorem 1 cannot be proved this way. 
REFERENCES 
I. N. DUNFORD AND J. T. SCHWARTZ. “Linear Operators I”. Interscience, New York, 
1958. 
2. G. BIRKHOFF. “Lattice Theory.” Am. Math. Sot. Colloq. Publ., Vol. 25, New 
York (1948). 
3. E. NELSON. An existence theorem for second order parabolic equations. Trans. Am. 
Math. Sm. 88, 414-429 (1958). 
4. B. VISWANATHAM. A generalization of Bellman’s lemma. PYOC. Am. Math. Sot. 14, 
15-18 (1963). 
5. M. SLATER AND H. S. WILF. A class of linear differential-difference equations. 
Pacific J. Math. 10, 1419-1427 (1960). 
